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Abstract: We study constrained generalized Killing spinors over the metric cone and cylin- 
dQr|of a (pseudo-)Riemannian manifold, developing a toolkit which can be used to investigate 
cefltain problems arising in supersymmetric flux compactifications of supergravity théories. 
U^g géométrie algebra techniques, we give conceptually clear and computationally effective 
r eiS^h ods for translating supersymmetry conditions for the metric and fluxes of the unit sec- 
t ior| of such cylinders and cônes into differential and algebraic constraints on collections of 
di^rential forms defined on the cylinder or cone. In particular, we give a synthetic descrip- 
t^^ of Fierz identifies, which are an important ingrédient of such problems. As a non-trivial 
a^hcation, we consider the most gênerai N = 2 compactification of eleven-dimensional 
su^rgravity on eight-manifolds. 
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1. Introduction 



A central problem in the study of flux compactiflcations of supergravity and string théories is 
that of flnding géométrie descriptions of supersymmetry conditions for varions backgrounds 
in the présence of fluxes. This leads to beautiful and highly non-trivial connections with 
varions subjects in differential geometry [1-6]. As pointed ont in [7], the gênerai problem of 
re-formulating supersymmetry conditions for flux backgrounds admits a powerful resolution 
based on géométrie algebra techniques [8-13], an approach which is highly advantageous from 
a conceptual and computational standpoint. 

The purpose of this paper is to combine the methods and ideas of [7] with an extension of 
the cone formalism of [14] , providing a re-formulation of the latter within the theory of Kâhler- 
Atiyah algebras and bundles and developing a toolkit which can be used to solve a séries 
of problems arising in the study of certain classes of flux compactiflcations. In particular, 
we show how the géométrie re-formulation of generalized Killing spinor équations which 
was given in [7] can be lifted from a (pseudo-)Riemannian manifold to its metric cylinder 
and metric cone — a correspondence which is of particular interest in certain situations 
when one cannot encode the supersymmetry conditions through a réduction of the structure 
group of the compactification manifold itself. As a non-trivial example, Section 3 applies 
such techniques and results to the study of the most gênerai flux compactiflcations of M- 
theory on eight-manifolds preserving N — 2 supersymmetry in 3 dimensions — a class 
of solutions which was not analyzed in fuU generality before (our generalization compared 
to the celebrated work of [15] being that we do not impose any chirality conditions on 
the internai part of the supersymmetry generators). In that example, we have a single 
algebraic condition = 0, with Q = i7™(9™A - ^F„,pqrl"'^'^'' - \fpYl^^^ - «7^^^ and 

= jfplm^l^^'' + ■^Fmpqr'j''"^^ + f^-'Jm'J^^^ ■ Uslug our mcthods, wc cxtract a highly non- 
trivial System of differential and algebraic conditions for the associated spinor bilinears, 
which encodes the géométrie constraints imposed on such backgrounds by the requirement 
that they préserve the stated amount of supersymmetry. For reasons of conceptual and 
computational convenience, we express such équations in terms of certain combinations of 
iterated contractions and wedge products which are known as 'generalized products', whose 
rôle and origin was explained in [7]. The reader is encouraged at this point to take a look 
at Section 3, which should provide an illustration of the results and techniques developed in 
the présent paper. A fuU analysis of those équations and of their physical conséquences, as 
well as certain other applications of this formalism, are taken up in subséquent work. 

The paper is organized as foUows. In Section 2, we show how a variant of the cone 
formalism of [14] and of its cylinder version can be constructed within the géométrie algebra 
approach. In Section 3, we apply this formalism to the study of the most gênerai N=2 
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compactifications of M-theory on eight-manifolds. We conclude in Section 4 with a few 
remarks on further directions. The physics-oriented reader can start with Section 3, before 
delving into the technical and theoretical détails of the other sections. This paper is written 
as a companion to [7] , to which we shall refer repeatedly. Therefore, the reader should have 
a copy of [7] at hand when approaching the formai developments of Section 2. 

Notations. As in [7], we let K dénote one of the fields M and C of real and complex 
numbers, respectively. We work in the smooth differential category, so ail manifolds, vector 
bundles, maps, morphisms of bundles, differential forms etc. are taken to be smooth. We 
further assume that our connected and smooth manifolds M are paracompact, so that we have 
partitions of unity subordinate to any opcn cover. If 1/ is a K-vector bundle over M, we let 
r(M, V) dénote the space of smooth (C°°) sections of V. We also let End(K) = Hom(V, V) = 
V Ç^V* dénote the K-vcctor bundle of cndomorphisms of V, where V* = B.om{V, O^) is the 
dual vector bundle to V whilc dénotes the trivial K-line bundle on M. The unital 
ring of smooth K-valued functions defined on M is denoted by C°°(M, K) = T{M,Ok)- 
The tensor product of K- vector spaces and K- vector bundles is denoted by (g), while the 
tensor product of modules over C°°(M, K) is denoted via (8)c°°(m,k); hence r(M,Vi (g) V2) — 
r(M, Vi) ®c-(M,K) r(M, V2). Setting T^M TM ® Ok and r*M T*M Ok, the space 
of K-valued smooth inhomogeneous globally-defined differential forms on M is denoted by 
Qk(M) r{M,ATlM) and is a Z-graded module over the commutative ring C~(M,K). 
The fixed rank components of this graded module are denoted by îl^(M) = r(M, a'^T^M) 
{k = . . . d, where d is the dimension of M). 

The kernel and image of any K-linear map T : T{M, Vi) — )• T{M, V2) will bc denoted 
by /C(T) and X(T); thèse arc K-linear subspaccs of r(M, Vi) and r(M, V2), respectively. 
In the particular case when T is a C°°(M, ]K)-linear map (i.e. when it is a morphism of 
C°°(M,K)-modules), the subspaces /C(T) and X(T) are C°°(M, K)-submodules of r{M,Vi) 
and r(M, F2), respectively — even in those cases when T is not induced by any bundle 
morphism from Vi to V2. We always dénote a morphism / : — > V2 of K- vector bundles 
and the C°°(M, ]K)-linear map T{M,Vi) r(M, T/2) induced by it between the modules 
of sections by the same symbol. Because of this convention, we clarify that the notations 
IC{f) C r(M, Vi) and C r(M, V2) dénote the kernel and the image of the corresponding 
map on sections T{M,Vi) A r(M, ^2), which in this case are C°°(M, ]K)-submodules of 
r(M, Vi) and r(M, V2), respectively. In gênerai, there does not exist any sub-bundle ker / of 
Vi such that /C(/) = r(M, ker/) nor any sub-bundle im/ of V2 such that = r(M, im/) 
— though there exist sheaves ker / and im/ with the corresponding properties. 

Given a pseudo-Riemannian metric gi on M of signature {p,q), we let {ea)a=i...d (where 
d — dim M) dénote a local frame of TM, defined on some open subset U of M. We let e" 
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be the dual local coframe (= local frame of T*M), which satisfies e"(e6) = and g{e^, e^) — 
g°-^, where {g"''^) is the inverse of the matrix {gab}- The contragradient frame (e")* and 
contragradient coframe {ea)# are given by: 

(e«)# = ^"^e5 , {eah = gabe' , 

where the # subscript and superscript dénote the (mutually inverse) musical isomorphisms 
between T-^M and T^M given respectively by lowering and raising indices with the metric 

def def 

g. We set e"^ - "'^ e"^ A . . . A 6"*= and eaj...^^ A . . . A ea^. for any k — . . .d. A gênerai 

K-valued inhomogeneous form ou G î1k(M) expands as: 

fe=0 fe=0 

where the symbol —u means that the equality holds only after restriction oi ou to U and we 
have used the expression: 

^^'^ -c/ . (1.2) 

The locally-defincd smooth functions ujîl^.ak G C°°{U,]K) (the 'strict coefficient functions' of 
u) are completely antisymmetric in ai ... a*;. Given a pinor bundle on M with underlying 
fiberwise représentation 7 of the Chfford bundle of T^M, the corresponding gamma 'matrices' 
in the coframe e" are denoted by 7° *^=' 7(e''), while the gamma matrices in the contragradient 
coframe (ea)# are denoted by 7a *=' 7((ea)#) = gabl''- We will occasionally assume that the 
frame (ca) is pseudo-orthonormal in the sensé that Ca satisfy: 

9{(^a, efc) (= gab) = Vab , 

where {rjab) is a diagonal matrix with p diagonal entries equal to +1 and q diagonal entries 
equal to — 1. 



2. The géométrie algebra of metric cylinders and cônes 

In this section, we study the Kâhler-Atiyah algebra (see [7] for background) of metric cylin- 
ders and cônes (M, gcyi) and (M, (/cône) over pseudo-Riemannian manifolds (M, g) as well as 
pin bundles over such spaces, paying spécial attention to the manner in which constrained 
generalized Killing pinor équations [7] behave in such cases. Our treatment is motivated by 
the application considered in Section 3, where it is convenient to consider the metric cone or 
cylinder over a compactification space for reasons related to giving an interprétation through 
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réductions of structure group and intrinsic torsion. Though thosc aspects of the model dis- 
cussed in Section 3 fall largely outside of the scope of the présent paper — being, instead, 
discussed in détail in subséquent work — we encourage the reader to refer to Section 3 for 
one of our motivations for developing the formahsm discussed below. We start in Subsection 
2.1 by rccalUng some basic facts about the geometry of metric cônes and cyhnders over a 
pseudo-Ricmannian manifold of even dimension — the case which will form the focus of our 
considérations, given the apphcation considered in Section 3. In Subsection 2.2, we discuss 
the Kâhler-Atiyah algebra of metric cônes and cyhnders, paying spécial attention to certain 
subalgebras which play a crucial rôle in the study of pinors over such spaces. In particular, 
we consider the subalgebras of twisted (anti-)selfdual forms [7], the subalgebra of so-called 
spécial forms and the subalgebra of forms which are orthogonal to the (dual of the) genera- 
tor of the cylinder and cone, respectively. We show that the intersection of the subalgebra 
of spécial forms with the subalgebra of forms orthogonal to the generator (an intersection 
which we call the subalgebra of vertical forms) is isomorphic with the Kâhler-Atiyah algebra 
of the unit section (M, g) of the cone or cylinder via a natural géométrie isomorphism — a 
rcsult which allows one to easily lift problems and results from the Kâhler-Atiyah algebra 
of the unit section to the metric cone or cylinder. Subsection 2.3 considcrs — within the 
géométrie algebra framework — the Levi-Civita connections of the cylinder and cone as well 
as the connections induced by them on the exterior bundle. Subsection 2.4 discusses pin 
bundles over metric cônes and cyhnders (in the case when the Chfford algebra associated 
with the dimension of the cone and with the signature of the cone metric is non-simple — 
which, once again, is the case relevant for the application considered in Section 3). We give 
an explicit construction of the module structure on such pin bundles, a resuit which will be 
useful later. In Subsection 2.5, we discuss some basic properties of the Fierz isomorphism [7] 
of cyhnders and cônes — in particular, we explain its relation with the Fierz isomorphism 
of the unit section. In Subsection 2.6, we discuss the lift of connections from the pin bun- 
dle of (M, g) to the pin bundle of the cyhnder and cone, while Subsection 2.7 considers the 
'dequantization' of such lifted connections — which (as in [7]) results in certain 'géométrie 
connections' on the Kâhler-Atiyah algebra of the cyhnder and cone. Subsection 2.8 considers 
the lift of algebraic constraints on pinors and forms to the metric cylinder and cone while 
Subsection 2.9 discusses the similar lift of gcncralized Killing conditions on pinors and forms. 
Subsection 2.10 combines thèse results to treat the lift of constrained generalized Killing 
conditions from (M, g) to its metric cylinder and cone — a process which will be used in the 
cxample of Section 3 in order to simplify the analysis of the CGK pinor équations of (M, g). 
Finally, Subsection 2.11 introduces certain truncated models which — as in [7] — turn out 
to be especially amenable to implementation in varions symbolic computation Systems such 
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as Ricci [16] or Cadabra [17]. 

Throughout this section, we let (M, g) be a pseudo-Riemannian manifold of even di- 
mension d and M be a manifold diffeomorphic with R x M (on which we shall consider the 
cylinder and cone metrics, respectively) . We let {p,q) be the signature type of the metric g 
on M; then dim M — d + 1 and both the cone and cylinder metric which we shall consider on 
M will have signature type (p + 1, ç). We also assume that the Clifford algebra C1k(p + 1, q) 
is non-simple and that the Schur algebra [7] of C\]^(p + l,q) equals the base field K, which 
amounts to assuming that one of the foUowing assumptions hold: 

(A) K = C , 
or 

(B) K = M and p - g =8 0. 

With thèse assumptions, it foUows that the Clifford algebra C1k(p, q) which is relevant for 
{M, g) is simple and that its Schur algebra also equals the base field. We further assume that 
M is oriented and that on M we have chosen the orientation compatible with that of M. 

2.1 Prepeirations 

On M, consider the cylinder metric g^yi whose squared line élément takes the form: 

ds^yi = du"^ + ds^ (m e M) , 

where ds^ is the squared line élément of g. This is related by a conformai transformation to 
the cone metric g^cone on M, whose squared line élément is given by: 

dsLe = dr' + rW = r'dsl^, (r e" G (0, +oo)) . 

We have (^conc = f^'^Ocyi ^nd^ 5'conc = ^QcyX, where we view u and r = e" as smooth func- 
tions defined on M, namely u G C°°(M,M) and r G C°°(M , (0, +oo)) C C°^(M,M). The 
transformation u — > r maps the limit u — > — oo to the limit r — > 0. Unless M is a sphère, 
the cone metric is not complète due to the conical singularity which arises when one at- 
tempts to add the point at r = 0. For any vector field V G r(M, T^M) and any one-form 
î] G V{M,TIM) = nl{M), we have = rV#^^, and 77*— = ^V*"''', where #cyi and 

#cone are the musical isomorphisms of the cylinder and cone, respectively. 

^As usual, Âcone and gcyi dénote the metrics induced by gcone and gcyi on T^M. 
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Figure 1: Metric cone over M 



Figure 2: Metric cylinder over M 

The ring C^(M, K). We let H : M — )■ M be the projection on the second factor. For later 
référence, consider the foUowing unital subring of the commutative ring C°°(M,K): 

C^{M, K) =• {/ o n|/ G C°°(M, K)} C C°°(M, K) . 

It coincides with the image n*(C°°(M, K)) through the puUback map H*, which acts as follows 
on smooth functions defined on M: 

n*(/) = /on G c^(M,K) , v/gc°°(m,k) . 

In fact, n* corestricts to a unital isomorphism of rings: 

n*| C3°(Af,K) 

C°^(M,K) ' — > C^{M,K) , 

which allows us to identify C]°(M,K) with C°°{M,K). The pullback H* : n^iM) fiK(M) 
of K-valued differential forms satisfies: 

n*(/a;) = n*(/)n*(a;) , V/gC°°(M,K) , Vujen^{M,K) , 

and maps wedge products into wedge products. It can therefore be viewed as a morphism of 
C°°(M, ]K)-algebras from the exterior algebra of M to that of M, provided that we identify 
C]°(M,K) with C~(M,K) as explained above. 
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The lift of vector fields. Notice tliat the cone can be viewed as the warped product [18] 
(M, (7cone) ~ ((0, oo), dr^) Xr{M, ds^) (of warp factor equal to r) of the positive axis (endowed 
with the flat metric of squared length élément dr^) with {M, g), while the cyhnder is, of 
course, the direct metric product (M, gcy\) ~ (M, du^) x (M, ds^) of the real axis (endowed 
with the flat metric of squared length élément du^) with (M, g). The latter is tlic same as the 
warped product (R, du"^) x i (M, g) with constant warp factor equal to onc. The puUed-back 
bundle II* (TrM) can bc idcntified with the sub-bundle T^M whose fiber at a point x E M 
is the orthogonal complément in Tjc^^M of the tangent vector {dr)x G T^,xM with respect 
to gcone] of coursc, this coïncides with the orthogonal complément of the vector {du)x with 
respect to gcyi- A vector field X e r(M, T^M) pulls back to the section U.*{X) of the bundle 
U.*{T]^M), which in turn can be viewed as a section of the sub-bundle T^M C T^M, i.e. 
as a vector field on M which is everywhere orthogonal to dr (and thus to dy). Of course, 
X^ coïncides with the well-known lift of X along a warped product. Using the identification 
C^(M, K) fa C°°(M, K) discussed above, the puUback of sections can be viewed as a (non- 
surjective) C~(M, K)-linear map r{M,TKM) 3 X X^ e r{M,T^M). 

The canonical normalized one-forms. The one-form: 

ijj — du — -dr 
r 

has unit norm with respect to the cylinder metric, being dual to the unit norm vector field 
■0#cyi — du — rdr with respect to the metric gcyi'. 

ijj = du-igcyl ■ 

Similarly, the one-form: 

— dr — rip 

has unit norm with respect to the cone metric, being dual to the unit norm vector field 
^#cone — with respect to the metric gcone- 

^ ^r-'S'cone 

The pairings (inner products) induced by g^cone and gcyi on î1k:(M) are related through: 

Together with the définition of the (left) interior product, the last relation implies: 

C"^ = ic^ ' Va;eQ^(M) . (2.1) 
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In turn, this gives: 

,cone _ -'- cyl 

a relation which will be used below. For any vector field F on M, we let Cy dénote the Lie 
derivative with respect to V. We have CfyOJ — df A (Vjuj) + j LyUJ for any / e C°°{M, K) 
and any ou G Ç}k{M), a relation which gives: 

Cg^cu = rCori^ + 9 A {dr^cu) , ycuenKiM) . (2.2) 



In turn, this implies: 

Car^^^^iCa^u-tjjAid^juj)) , Vu; e Qk(M) , (2.3) 
where we noticed that 6 A (drjuj) — ï/j A {duju). 

The Euler operator. Consider thc Euler opcrator S = ©flg^ i*if7'={M) ^ik(^) associ- 
ated with the rank décomposition Q]^{M) = ©^^^^(^^(M). This acts as foUows on a gênerai 
inhomogeneous form: 

d+l d+1 

S{uj) = ^fccu^'^) , Vcu = 5^cu(^) e Qk{M) with cu^'^) e ni{M) . 

fc=0 k=0 

Notice that S has eigenvalues 0, . . . ,d + 1, with eigenspaces given by: 

/C(£:-/cid^^(^)) = fi^(M) . 

Since S is induced by an endomorphism of the exterior bundle, the exponential = X^^o 
is well-defined, being itself induced by a bundle endomorphism of AT^M. We obtain well- 
defined C°°(M, ]K)-linear automorphisms *=' e^^"^^-*^ of Q,^{M) for any positive real number 
A > (and similar operators for any non-vanishing complex number A, provided that we 
choose a branch of the logarithm). Of course, we have (AiA2)^ = Af o Af for any Ai, A2 > 
and 1^ = id^^i^jÇj^, so the map (0, +00) 9 A — )> A^ G End^^ ^^jÇj ^^{Q]j^{M)) gives a représenta- 
tion of the multiplicative group of positive reals through C°°(M, ]K)-linear endomorphisms of 
Qk{M). Thèse operators act as: 

d+l d+l 

A^(a;) = ^A^a;^'^) , Va; = ^ cu^'^) G 1]k(M) with cu^^^ G l^^(M) . 

fe=0 k=0 
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Notice the foUowing relations which hold on Q^{M): 

o Ae = r Ago , o = r o , (2.4) 

which foUow from the fact that contraction with a vector field lowers the rank of a homo- 
geneous form by one while wedge product with a one form increases the rank by one. Also 
notice that the obvions relations: 

Cg^^r'') ^ -r' ^ ^ kr'' , VA; e Z (2.5) 

r 

imply: 

(Cd^-S)or^ ^r^oCg^ (on Qk(M)) , (2.6) 
where we used identity (2.3). 

Forms parallel and orthogonal to the canonical one-forms. As in [7], let P^^^ = 
A^ o q\ Pf = o A^, and Pf''"" = Ag o P^°'^° = o Ag be the projectors on forms 
parallel and orthogonal to ip and 9 on the cylinder and cone, respectively. Relation (2.1) 
imphes = Pf^' and P^°°^ = Pf, so we define: 

P|l H^- P|p = P|fyi = Av,o(9„j ) = Aeo(9,j ) , Px =■ Pr^ = Pf = (9„j )oAv, = (9,j )oAe . 

In particular, the décomposition of a form eu G r2K(M) into its part oj\\ = P||(w) parallel to 
9 (and thus also to ip) and its part u± = P±{uj) orthogonal to 9 (and thus also to ip) is the 
same on the cylinder and cone. We let: 

Q|(M) P||(11k(M)) ^{ue ^k{M)\uj = a;,,} , 

obtaining the same décomposition = r2|j(M) © Q^{M) for the cylinder and cone. 

Notice the natural isomorphism fl^[M) fti r(M, A{T^M)*), which we shall often use tacitly 
later on. Relations (2.4) imply: 

[r', P||]_,o = [r', Pj-,o = ^ r^(a;)|| = r^(a;||) and r^(a;)^ = r^(a;^) . 

In particular, we have: 

r^(Q|(M)) = Q|(M) , r^(fi^(M)) = Q^(M) . (2.7) 
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On the other hand, the relation dr-iO = 1 and the fact that 9 is closed imply Cq^6 = upon 
using the identity Cy^ = à.{V^u) + V^{du)), which holds for any vector field V and any 
inhomogeneous form ou defined on M. In turn, this implies that jCq^ commutes with the 
operator and (since it commutes with the operator 9^ j) also with the projectors P\\ and 
P±: 

]-,o = [Ca^, AeUo = =^ [Cor, P\\Uo = P±]-,o = . 
Similarly, we have the commutation relations: 

[j^du, du^ ]-,o = [J^du, Av-]-,o = ^ [Cou, P\\\-,o = [J^du, P±]-,o = , 

as a conséquence of the identity du-iip — 1, which implies Cguip — 0. Also notice that relation 
(2.2) reads: 

= rCd^ + P\\ . 
The commutation relations given above imply: 

(-^ô.^)!! = '^ô.H) > {^du^)±^ 'i^du{^±) , (2.8) 
for ail ou e Q-^{M). In particular, we have: 

(Conformai) Killing properties. Finally, note that dr is a normalized conformai Killing 
vector field for Çcone and a Killing vector field for ^f^yi, while du = rd^ is a homothety for Qcone 
and a normalized Killing vector field for gcy\: 

2 

= "S'œne , ■^ôr-S'cyl — , (2.9) 

Thus 9 and ip are Killing- Yano one-forms (of varions types) with respect to both metrics. 

2.2 The Kâhler-Atiyah algebra of metric cônes and cylinders over pseudo-Riemannian 
manifolds 

Relating the Kâhler-Atiyah algebréis of the cylinder and cone. We let o and Ap [p = 

. . .d) dénote the géométrie and generalized products constructed on fl^{M) using the metric 
g. Similarly, we let o'^^^, A^^ and /^œne ^ . . .d+ 1) dénote the géométrie and 
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generalized products on ^li^(M) induced by the metrics ^^cyi and ^^cone respectively. Using the 
définition of generalized products, we find: 

A-- = -lAf , Vp = 0...d + 1 . (2.10) 

Since the generalized product Ap is homogeneous of degree —2p when viewed as a map 
Ap : n^iM) 

®c°°(M,K) ^k(^) ^k{M) from the tensor product ^.^^{M) ®c°°(m,k) ^k(^) 
(endowed with the grading induced by the rank grading of the exterior algebra) to î1k(M), 
the foUowing identities hold for ail p = . . . d + 1: 

(^ + 2pid^^(M))°Af = Af o ® id^^(^) + id^^(^) g) ^) , 

+ 2P idn,(M)) o = ° ^ id^4M) + idn.(M) ^ ^) , (2-11) 

i.e.: 

(£ + 2pid^^(^))(a;A7S) = A^^ + a; Af ^(t^) , Vc^, G r]K(M) , 
(£ + 2pid^^(^))(ù.A--r7) = £(a;)A--r7 + a;A--£(r;) , V^,r;el^K(M) . 

Thèse identities imply: 

o A^^ = -1 A;^^ o(r^ r') r'{u; Af tj) = ^[r^(cu) A^^ r^(r;)] , V.., G Ok(M) , 

o A-- = A-- o(r^ (8) r^) ^ r^(a; A^- rj) = ^[r^u) A^- r^(?7)] , Va;, 77 G Qk(M) . 

Combining the first of thèse relations with (2.10) gives: 

r^oAf = Al'"''o{r^®r^)^r^{ujAfri)^r^{uj)A';^'r^{ri) , Va;,77GfiK(M) , 
which in turn implies: 

o ^^y^ = 0^=°"^ o (r^ (g) r^) <^ r^{uj o'""^ rj) = r^(a;) r^(r7) , Vu;, G Qk(M) . (2.12) 

Together with the obvious relation r^{lj^) = 1^ (which foUows from S{ljÇj) = 0), this 
shows that the Kàhler-Atiyah algebras of the cylinder and cone can be identified through 
appropriate rescalings of their fixed rank subspaces: 

Proposition. The maps and r^^ are mutually inverse C°°(M, K)-linear unital isomor- 
phisms of algebras between the Kâhler-Atiyah algebras of the cylinder and cone: 

(nK(M),o^yi) ^ (f^K(M),o^°"^) ■ (2.13) 
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For later référence, we note the foUowing identities which are an easy conséquence of the 
previous proposition: 

KT^^^r'oLfor-' , R^T^^ ^ o Rf o r'' , Vu; G Qk(M) , (2.14) 

where L'^^,R^^ and L^°"'^, are the operators of left and right multiplication with uj in 
the Kâhler-Atiyah algebras of the cylinder and cone. 

Relating (fi^(M), o'^y') and (1]^(M), 0^°"^). Recalhng properties (2.7) and the fact that 
nj^(M) is a unital subalgebra of the Kâhler-Atiyah algebras of the cylinder and cone (see [7]), 
the previous proposition implies: 

CoroUairy. The maps and restrict to mutually inverse unital isomorphisms between 
the algebras {Q^{M),o'^^) and (Q^(M),^'^°"^): 

(Qi^(M),o^^i) ^ (Oé(M),o--) • (2.15) 

The spécial and vertical subalgebras. Using the fact that Cg^ is a degree zéro K-hnear 
dérivation of the exterior algebra, the second and last of relations (2.9) imply that jCq^ is a 
C^{M, ]K)-linear dérivation of degree zéro of ail generalized products of the cyhnder: 

Ca^ o Af = Af o {C9^ ® id^^(^) + id^^(^) ® CaJ , 

a relation which encodes the fact that Ap are invariant under the translations u ^ u + e 
(e e R) along the generator of the cyhnder. This imphes that Cg^ is an even C'^{M, K)-hnear 
dérivation of the Kâhler-Atiyah algebra {Q^{M),o^y^): 

Using (2.10) and (2.5), the relations given above imply: 

+ 2p id^^(^)) o A;"- = A^°- o (£,„ id^^(^) + id^^(^) ® £aj . 

Combining this with (2.11) shows that the opcrator Cq^ — is a degree zéro C^(M, ]K)-lincar 
dérivation of ail generalized products of the cone: 

(£a„ - S) o A;°- = A^°- o [(£a„ -S)® id^^(^) + id^^(^) ® (£a„ - S)] 
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and hence this operator is an even C^(M, ]K)-linear dérivation of the Kàhler-Atiyah algebra 
(1]k(M),o--^): 

- S) o = o - ® id^^(^) + id^^(^) ® - £) 
In particular, we have: 

Notice that £a„ is no^ a dérivation of the Kàhler-Atiyah algebra of the cone. The observations 
above imply that the foUowing subspaces of fl^{M): 

are unital Cf (M, K)-subalgebras of the Kàhler-Atiyah algebras (11k(M) , o"^^) and {Qk{M) , 0^°"^) , 
which we shall call the spécial subalgebras of the cylinder and cone, respectively. The previous 
proposition and relation (2.6) give: 

Proposition. The appropriate restrictions of the maps r^^ give mutually inverse (M, K)- 
linear unital isomorphisms of algebras between the spécial subalgebras of the cylinder and 
cone: 

((^K^^(M),o^yi) ((^^°'^^(M),o^°'^^) • (2-16) 

We also know from [7] that the subspace: 

ni{M) =• {u e QK{M)\duJUj = 0} = {a; e Qk(M)|9,jc^ = 0} 

is a unital C°°(M, K)-subalgebra of both (1^k(M), o^^') and ❖^°"^). Therefore, the 

intersections: 

are unital C5°(M, IK)-subalgebras (Qr^iM) , o^^^) and (Q^^M) , 0'^°^'^) respectively, which we 
shall call the vertical subalgebras of the cylinder and cone. Since c?„j \çi±(^m^ = , équation 
(2.6) gives: 

£ 1 

(^9r--)or'\n^^M) = -r'oC9X^çM) ■ (2-17) 

The observations madc above imply that the operator maps the vertical subalgebra of the 
cylinder into that of the cone: 

r^(Qi'^^'(M)) = Qi'^°"^(M) . 
Combining this with the previous proposition, we find: 
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Proposition. The appropriate restrictions of tlie maps r^^ give mutually inverse (M, K)- 
linear unital isomorpliisms of algebras between the vertical subalgebras of the cylinder and 
cone: 



(ni''=^^(M),o'=yO ^ (f}i''°"''(M),o^°-«) ■ (2-18) 

I -^X,cone ' -".^ 



a^'— (M) 

The modified volume forms of the cylinder and of the cone. Since C1k(p + 1, ç) is 
assumed to be non-simple, the volume forms 1/^°^^ and u'^^^ defined by ^icone and g^cyi on M 
square to Ij,^ and are central in {Çî^{M),o^°'^^) and in {Çlj^{M),o^^), respectively; they are 
given explicitly by: 

i/^yi = -0 A i/^^ = V o'^^ z/^^ , z/'=°"^ = ^Ai/^°"^ = e^^°"^i/^°"^ = r'^+^i/'=y' = r^(i/^y') . (2.19) 
Here: 

(2.20) 

where v is the volume form of (M, 51). 

Spécial twisted (anti-)selfdual forms on cylinders and cônes. The last relation in 
(2.19) and the second relation in (2.14) imply that the twisted Hodge operators *cyi = R] 
of the cylinder and *cone — R^oSe of the cone are related through: 



cyl 



*cone or' = r'o ^ or' = r'o pf . (2.21) 



This imphes that identifies the subalgebras: 



of twisted (anti-)selfdual forms on the cylinder and cone: 

In fact, we have mutually inverse C°°(M, K)-hnear unital isomorphisms of algebras: 



^K,cyl(^) 

(^tyl(^)'O^'') ^ (^tone(^),0^°^^) ' ^2.22) 



r ^\ 4- 

'n^ (M) 

IK,cone^ ' 
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where unitality follows from (2.19), which implies r^(p^') = p^?'^'^ (recall from [7] that = 
1(1 ± z/^y>) and = i(l ± ^^°''^) "the unit éléments of the algebras (n^^^yi(M), o^yi) 
and ^^^^{M) , o^°^^) , since d+ 1 is odd and thus u^^, i/'^""^ are central in the corresponding 
Kàhler-Atiyah algebras) . 

On the other hand, relations (2.9) imply: 

and (since = ^ti+^cyi ^ ^£(;ycyi)). 

(£a„ - Sy°^^ = (£a„ - (rf + 1))^^°"^ = . 



In particular, we have u''^^ G (^) and z/'=°°*' G r]^°''''(M). Since *cy\i'^) = eu o^^^^ i/^^' and 
*cone(i^) ~ ^ 0^°'^^ for ail a; G ^^(M), the properties listed above imply: 

[jCa^, ?cyi]-,o = ^ PfU, = , *cone]-,o = ^ Pri-,o = , 

where we used the fact that Cq^ and Cq^ —S are even dérivations of the Kàhler-Atiyah algebras 
of the cylinder and cone, respectively. In particular, the operators Cq^ and Cq^ — £ préserve 
the subspaces of twisted (anti-)selfdual forms on the cylinder and cone, respectively: 

Définition. The subalgebras of spécial twisted ( anti- )selfdual forms are the foUowing C^(M, K)- 
subalgebras of the Kàhler-Atiyah algebras of the cylinder and of the cone: 

Thèse algebras have units = |(l±i/'^y') andp^?'^^ = |(1 ± i/'^""^), respectively. Combining 
the observations above gives: 

Proposition. The appropriate restrictions of the maps r^^ give mutually inverse Cf (M, K)- 
linear unital isomorphisms of algebras between the subalgebras of spécial twisted selfdual/anti- 
selfdual forms of the cylinder and cone: 

(ni''^\M),o'y^) ^ (f7^'^°""(M),0^°^^) • (2-23) 
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Recovering the Kâhler-Atiyah algebra of M. The C]°(M, K)-algebra (fig'^(M), o'^J'^) 
can be identified with the Kàhler-Atiyah algebra {VL^{M),o) as foUows. Let n : M — >■ M be 
the projection on the second factor. Then one has the foUowing quite obvions statement: 

Proposition. The pullback map H* : VL^^M) — > Vl^^M) has image equal to r2j^'^^'(M). Fur- 
thermore, its corestriction to this image (which we again dénote by H*) is a unital C°^(M, K)- 
hnear isomorphism of algebras from {ÇIk{M)-,<>) to the vertical subalgebra {Vt^'^^^{M)^o'^^^) of 
the cylinder, provided that we identify C^(M, K) fa C°°(M, K). The inverse of this isomor- 
phism is the pullback map j*, where j : M ^ M is the embedding of M as the section r = 1 of 
M. Thus, we have mutually inverse unital isomorphisms of C°°{M, K) ?» C'^{M, K)-algebras: 

(^k(m),o) {^^^^\M),o^y') ■ (2.24) 

The proof is easy and left to the reader. Combining with the previous proposition gives the 
relation between the Kâhler-Atiyah algebra of M and the vertical subalgebra of the cone: 

Proposition. We have mutually-inverse unital isomorphisms of K-algebras: 

(^7k(M),o) ^ ^ (^7^'^°^^(M),o--) ■ (2-25) 

Thus Vf^^^^^M) consists of those inhomogeneous forms on M which are H-pullbacks of inho- 
mogeneous forms ui on M; this pullback will be called the cylinder lift uj^yi of ui: 

Wcyi n*(a;) e > e Vt^{M) . (2.26) 

On the other hand, Vl^f^'^'^^M) consists of forms obtained by appropriately rescaling the vari- 
ous rank components of such pullbacks with appropriate non-negative powers of r. Explicitly, 

f2^''^°"''(M) consists of cone lifts: 

u;cone =>^(n*M)eQi'^°'^^(M) , Va;eQK(M) , (2.27) 
which are inhomogeneous forms of the type: 

d d 

oocone = r^{U*{uj)) = ^ T^H* (0;^'=)) , = J^'^^''^ ^ ^^k(M) with uj^''^ G fli{M) . 

k=0 fc=0 

For example, relations (2.20) show that 

lyf^ i/œne are the cylinder and cone lifts of u: 

,,cyl ,, cone 

'^T — cyl ) '^T — '^cone ■ 
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Truncated models. As in [7], we consider the complément ary idempotent operators P< : 
î7k(^) ^k(-^) P> ■ ^k{M) — )■ fi^(M) which associate to an inhomogeneous form 
the sum of its components of rank smaller, respectively bigger than the half-integer number 
|dimM = Since both and the Lie derivative with respect to a vector field préserve 
the rank of differential forms, we have the commutation relations: 

[r', P<]_,o = [r', P>]-,o = [Ca^, P<]-,o = [Ca^, P>]-,o = [Ca^ - S, P<]_,o = [Ca^ - S, P>]_,o = 
In particular, thèse give: 

r'{n<{M))=n<{M) , CaA^<{M))cn<{M) , {Ca. - £){n<{M)) c n<{M) . 
Recall from [7] that the subspace Q^(M) carries associative binary products defined through: 

cyldcf. „p pcyl cyli _ _ cone o p _ pcone conei 

*± - zi-<oi-^ oo |n<(M)®coc(M,ic)f^^W ' - ^^<°^± °o ln<(M)®coc(M.ic)f^^W " 

Combining thèse relations with (2.12), (2.21) and with the commutation relations given 
above, one easily checks the identity: 

o = t^?"^ o (r^ ® r^) , 

which shows that we have mutually-inverse C°°{M, K)-linear unital isomorphisms of algebras: 

(0<(M),^r) ^ (0<(M),4r^) ■ (2.28) 

The observations made above show that the subspaces of truncated spécial inhomogeneous 
forms: 

are unital C^(M, K)-subalgebras of the algebras (^l^(M), ♦i^^) and (Q<(M), ♦l""^). Purther- 
more: 

Proposition. We have mutually-inverse unital isomorphisms of K-algebras: 

{n<^'''\M),^t) (^^J'^°"^(M),*r^) ■ (2.29) 
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The situation for the cylinder is summarized in the foUowing commutative diagram: 



F 



cyl 



(2.30) 



n* 



2P 



J_ 



where '^=' 2j* o Pj_ o P^^' and {'^±^) ^ = 2P< o o H*, while the situation for the cone 
is summarized in the commutative diagram: 



2P< 



(2.31) 



'3'cone 



(^7k(M),o) 



r^o n* 



^cone 



2F± 



j*o r ^ 



where S|°°^ 2j* o r"^ o o P|^°°^ and (S^?"^)-! = 2P< o P^""^^ o o n*. The full collection 
of isomorphic models of the Kàhler-Atiyah algebra of (M, g) (viewed as a K-algebra) which 
arise from the cone and cylinder constructions is summarized in the commutative diagram 
below: 




pcyl 



=cyil-i 



(n^''^°"^(M),45?-) 



2P< 



^(nJ''°°"(M),o^°°^) 



("iH'Cone^ — 1 



2P< 




^cone 



{n^{M\o): 



id 



(nK(M),^)' 



r^o n* 



2P, 



(0-'^^^(M),^^yi) 



2Pj_ 



(ni''^°"'(M),^'^°"^) 




j o r 



2.3 The Levi-Civita connections of the cylinder and cone 

The Levi-Civita connections. Using the formulas for the Levi-Civita connection of a 
warped product, one finds that the Levi-Civita connection of the cylinder is given by: 

VfW^V{g^,{d^,W))d^ + V*y{W^) , 
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where G r{M ,T^M) is the part of W orthogonal to du (and thus to dr): 

while V* (a connection on the bundle T-^M ?» U*{TkM)) is the puUback along n of the 
Levi-Civita connection V of {M, g). Notice the properties: 

Vf{W)^ = Vf{W^) = V*y{W^) , Vf{d^) = Q , yV,W eT{M,Tj^M) . (2.32) 

On the other hand, the Levi-Civita connection of the cone can be expressed as: 

yconep^ ^ 1 yo'i^^^.) + x{V, W) , ^ V,W & r(M, T^M) , (2.33) 

where A G r(M, T^M Ç^T^M ^T-^M) is a tensor of type (2, 1) (i.e. with two covariant indices 
and one contravariant index) defined through the formula: 

X{V, W) = g^yiidu, W)V - g,y,{V, W)du = ^(^cone(9., W)V - g,,^,{V, W)dr) , (2.34) 

for ail V,W E r{M,T-i^M). In particular, the Levi-Civita connections of the cylinder and 
cone satisfy the foUowing relations for ail vector fields X, Y on M: 

vi'n = (Vxn* , vta„ = o , s/j%^wtd^^o , (2.35) 

VTrY, = {'^xY),-{g{X,Y)oU)rdr , V^^^ô, = , V^l'^'X, = V xA = ■ 
Remcirk. We note that A can also be written in the form: 

m W) = 9cyl{du, W)V^ - <7cyl(V^^, W)du = ^-{gconeidr, W)V^ - ^cone(V^^, W)dr) , 

where V, 1^ G r(M, T^M) and V-^ is the part of V which is orthogonal to dr (and hence to 
du). 

The connections induced on difFerential forms. Direct computation using (2.33) 
shows that the connections induced on Q^{M) by the Levi-Civita connections of the cone 
and cylinder are related through: 

S/'^^^-cu = {r^oVfor-^){cu)+- A {dr^cu) -9 A {Vjcu)] , V G T{M, T^M) , Va; G ^«(M) 

^ (2.36) 
where V^^^^^^ is the one-form dual to V with respect to the cone metric: 

^#cone = ^-Ifi'cone ■ 
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Remark. One has the obvious identity: 

Vl^^^^ A (drju) ^ e A (Vhu) , Va;eQK(M) , 

where V G r(M, T^M) and V^^ = gcy\{du,V)du = gconcidr,V)dr is the part of V which is 
parallel to du (and thus to dr). This implies that (2.36) can also be written as: 

Vr^o; = (/oVf or-^)(a;) + ^ [V^^ A {dr^u) - 9 A {V^^cj)] , VI/ G r{M,T^M) , Vu; G Qk(M) 

^ (2.37) 
where V^^^^^^ — V^jÇcone- Using the expansion of the graded ^commutator (see Section 3 
of [7]), it is not very hard to check that the foUowing identities hold for ail u G flK{M) and 
any vector field V-^ G r(M, T-^M) which is everywhere orthogonal to dr (and thus to du as 
well): 

VL.M9r-^y(^A{V^-u;) = -(K,^_A^)A— a; = 1[[K,^_A^, ^]]_,,cone = ^[V^^Ae , u^U^^o.. 
and: 

Vl^^A{drJUj)-eA{V^^uj) = -r{Vl^^Ai;)Afu = ^V^^^^^A^^, u;]]_,ocy. = ^[^#e,:A^, a;]_,,c.i . 
Combining the last identity with (2.37) gives the foUowing relation which will be used below: 

Vr^a; = ir'oVfor-'){u) + ^[Vl^^Aij,uU.y. = {r' oVfor-'){u) + ^[Vl_A9,uU.o.. 

(2.38) 

Equation (2.38) expresses V"^""^^ in terms of V^^' using opérations from the Kàhler-Atiyah al- 
gebra of the cyhnder or of the cone. 

Some useful identities. The identity: 

(which is also satisfied by any linear connection on TrM) and the second relation in (2.32) 
imply: 

[Vf, du^ ]-,o = ^ [Vf, ifUo = , G r(Af , T^M) , 

while the fact that V^' is an even dérivation of the exterior algebra of M and the obvious 
relation Vy V = imply: 

[vf,A^]_,o = o , yver{M,T^M) . 
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Thèse two properties of V^^' imply that the foUowing identities hold for ail V,W E r(M, T^M): 
[Vf, P||]_,o = [Vf, P^]_,o = =^ Vf = Vf (a;),, , Vf (u;^) = Vf , Vu; G Qk(M) 
as well as: 

Vf(ù;f) = VfHf , Va;eOK(M) . 

Using thèse observations and thc fact that Vy V'^^^ = 0, we find that the morphisms ip'^^ 
constructed using o^^^ and u'^^^ as in Section 3.10 of [7] satisfy the foUowing relation which 
will be used later on: 

[Vf,ipt]-,o = 0^V*yO^f = ^foVf , VFer(M,TKM) , (2.39) 

where we used the fact that the restriction V^^^l^^^xj^^^* equals the puUback V* through II 
of the connection induced by V on AT^M {as usual, we identify A{TiM)* U*{ATIM). 

2.4 Pinors on metric cylinders and cônes 

The pin bundle of M. Let ,5 be a pin bundle of (M, g) and 7 : (AT^M, o) (End(M), o) 
be its fiberwise représentation. Let S II* (5) bc the pullback bundle and 7* H* (7) : 
A{TiM)* End(^) be thc pullback of 7 to thc bundle n*(AT|M) ^ A{TiM)*. Recall 
that our assumptions imply that 7 induces a bijection from Qy^^) — ^(M, ATj^M) to 
r(M, End(S')). In turn, this implies that the map induced by 7* on sections is an isomorphism 
of C°^(M,K)-algebras: 

We have the basic property: 

7,on* = n*o7 , (2.40) 

where, in the left hand side. H* dénotes the pullback of differential forms while in the right 
hand side it dénotes the pullback of sections of End(S') to sections of End(iS'). This gives a 
commutative square of unital morphisms of C°^(M, K)-algebras which constitutes the right- 
most part of the diagram (2.41) (as usual, we identify C^{M,K) ^ C°°(M,K)). 

Oi(M) n^{M) (2-41) 

7cyl 

Y Y 

Ok(M) ^ r(M,End(5)) ^ r(M,End(5)) 
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The morphisms 7cyi and 7conc- Let us fix a sign factor e G { — 1, !}• Considering the 
unital morphisms of C°°(M, ]K)-algebras: 



cyl 



cyl 



as in [7], we define unital morphisms of C°°(M, K)-algebras: 7 cyi : (l^K(Ai^), o'^™" ) ^ 

cone 

(r(M,End(5')),o) through (see diagram (2.41)): 

(2.42) 

It is clear that 7 cyi are C°°(M, ]K)-hnear, so they are induced by corresponding morphisms of 

conc 

bundles of algebras, which are easily seen to be irreducible on the fibers. Since commutes 
with Pj_ and satisfies (2.21), we find: 



def. cyl def. _£ 

7cyl = 7* ° V^e , Tcone = 7cyl ° T 



cone 
e 



which means that 7cone can also be written as (see diagram (2.43)): 

-8 



7c 



cone 
e 



(2.43) 



cyl 



7cyl 



Tcone 



r(M,End(5)) 



7*0 r" 



The last relation of Section 3.10 in [7] gives (pY^{p'^y^) = eljg, which implies 7cyi(i^'^^^) = 

^7*(1m) — ^n*(7(lM)) = en*(ids') = e id^, where we noticed that IjÇj — n*(lM) and 
id^ = n*(id5). We find: 

7cyl(^'^^') = 7cone(i^^°"^) = 6 id^ , (2.44) 

where we used the fact that r~^(i/'^°"^) = i/^^. It foUows that 7cyi makes S into a pin bundle 
of (M, gcy\) having signature e, while 7cone makes S into a pin bundle of (M, gcone) of the same 
signature. Since (p'f^{ijj) = ev^"^ = en*(z/), wc also have 7cone(^) — 7cyi('0) — — 
e n*(7(i/)), where we noticed that r~^{9) — ï/j. Thus: 



7cone(^) = 7cyl(V') = 6 



(2.45) 
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The form of given in [7] implies: 

7cyi(u;) = 7*(e?o''(^f)+^±) , TconeH = (7* o r-^)(e*r'(a;r^) + a;^) , 

where: 

cyl def. cyl <-\ cone dcf. cone o cyl v7 ^ o / 

a;y = LU = Ou-ico , cuy = a; = jo; = -0;^ , Va; G iiK(-M) . 

Furthermore, we have the foUowing formulas for the cylinder and cone lifts (2.26) and (2.27) 
of a form u G il^{M): 

7cyl(<^cyl) = 7cone('^cone) = H* (7(0;)) , Vu; G Qk(M) , (2-46) 

where we used the fact that H* (a;) G fl^{M) while (pl^^ restricts to the identity on fl^{M). 

The dequantization maps of the cylinder and cone. Since Pj_ restricts to a bijec- 
tion from (M) to fl^{M), the restriction of 7 cyi to ^2*^ (M) is a composition of 

cone cone -^5 ^ong 

bijections: 

and hence the partial inverses of 7cyi and 7cone are given by: 

^^l-Pe^'o^;' , 7c"one = ^'r^ ° ° 77' = ° , (2-47) 

where we used the fact (see Subsection 3.10 of [7]) that the inverse of 2Pj^|^^*^'^^ - is given 

cyl ^ 



cyl ir "^y' 



by p^""""" l^j^,"^," . The situation is summarized in diagram (2.48). 

IK ' 



r(M,End(5)) n^.^oneiM) (2-48) 
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2.5 The Fierz isomorphism of cylinders and cônes 



The morphisms Ê and È^,. For thc pin bundle S over M, let us consider, as in [7], 
the natural isomorphism q : S Ç!) S* ^ End(iS') as wcll as the isomorphism p : S —y S* 
induccd by a non-degenerate admissible pairing ^ on S. The fiberwise bihnear pairing 
puUs-back to a non-degenerate bihnear pairing ^ Il*{j3ë) on S, which is easily seen to 
be admissible for both 7cyi and 7cone- It induces a bundle isomorphism between S and its 
dual which coïncides with the puUback p U.*{p) : S —> S* oi p. Furthermore, the puUback 
q n*(g) : S<S>S* End(5') of q coïncides with the natural isomorphism between S <S> S* 
and End(5'). Combining thèse, we find that the puUback: 



A def. 



E =• U*{E) = ç o (id^ ®p):S^S^ End{S) 



(2.49) 



of the isomorphism E = g® (id^^p) : S(^S —y End(5') coïncides with the isomorphism built 
as in [7] from the admissible bilinear pairing ^ on S. This implies that the bipinor bundle 
of algcbras {S $>> S, •) built from S using the pairing ^ is the puUback of the bipinor bundle 
of algebras {S ® S, •) built from S using the pairing Defining: 



S ^ A(T^M)* ^ n*(T]^M) 



(2.50) 



we have = U*{É) where È : S <^ S ^ ^T^M is the Fierz isomorphism of {M, g). The 
situation is summarized in the commutative diagram (2.51), which also encodes the action 
of E^ on puUed-back forms. 



En; 



n* 



r(M, s^s) 



On 



E 



ids(g)p 







idg(g>p 




É 





n* 



r{M,S^S*) (2-51) 



r(M,End(5)) 



■r(M, End(^)) 



n* 



The relation between and È is summarized in the smaller commutative diagram (2.52), 
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where the puUback morphisms are non-surjective. 



(2.52) 



n* 



E 



7* 



r(M,End(5)) n* 



n* 



r(M, s® S) 



E 



E 



TIk{M) 



r(M, End(5)) 



In particular, we note the relations: 



and: 



which will be used later on. 



EoU* ^U* oE 



(2.53) 
(2.54) 



The Fierz isomorphisms È^^^ and È'^°^^. By définition, postcomposing É : S ® S ^ 
End(5') with the partial inverses 7~yi : End(5') — >■ Q^{M) defines the Fierz isomorphisms of 

cone 

the cylinder and cone: 



def. _i 



Relations (2.47) imply: 

^cyl ^ pcyl Q ^ ^cone ^ pcone ^ ^ ^ O pcyl ^ 

as well as: 



(2.55) 

(2.56) 



Rccall that our assumptions imply that C\k{p, q) is simple and that its Schur algebra equals 
the base field. Thercfore, the bundic morphism 7 is a bundle isomorphism and the map 
which it induces on sections is bijcctivc. As a conséquence, the C°°(M, K)-linear map 
n^(M) r(M, A(T]^M)*) r(M,End(S)) induced on sections (which, as usual, we have 
again denoted by 7*) is bijective. 
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The pullback of pinors. The puUback of sections induces an injective but non-surjectivc 
C°°(M, K)-hnear map: 

r{M,S) ^r{M,S) , (2.57) 

where, as usual, we identify C^(M, K) ?a C°°(M, K). To characterize the image of this map, 
consider the foUowing C^(M, K)-submodule of the C°°(M, K)-module T{M,S), which we 
shaU caU the {M, K) -module of vertical sections of S: 

r^^{M,s) {i e r{M,s)\£lj = 0} {i e r(M,^)|4e = 0} . 

Here and below, the symbol Cy dénotes the spinorial Lie derivative (a.k.a. the Kosmann- 
Schwarzbach derivative) [21] of sections of S along a vector field V G r(M, TkM). It is then 
easy to see that the image of (2.57) coincides with the C^(M, K)-module of vertical pinors 
on M: 

u*{r{M,s)) ^r'''\M,s) . 

Using the identification C^i^M, K) ^ C°°{M, K), the pullback of sections corestricts to an iso- 
morphism of C^^M, ]K)-modules from F (M, S) to r'^^''*(M, S), whose image is the appropriate 
restriction of the map j* : T{M,S) r[M,S) which restricts sections to the submanifold 
{r = 1 ^ u = 0} Ri M oi M: 

n*|r^^''*(M,s) 

j*lrvert(M^5) 

Similarly, the pullback of sections gives an injective but non-surjective morphism of C°°{M, K)- 
algebras (where we identify n*(End(,S)) f« End(,S) since S = U*{S)): 

(r(M, End(5)), o) ^ (r(M, End(^)), o) , 

whose image coincides with the foUowing C^{M, ]K)-subalgebra of (r(M, End(5'), o): 

r™'-*(M,End(^) {f G r(M,End(^))|[£l,f]_,o = 0} = {f G r(M, End(5))| [4, f = 0} 

Pullback properties. Let ^' G r(M, S) and = n*(0, Cl = e r(M, S) be their 

puUbacks. Relation (2.54) imphes: 

^cyi o n* = p^^^ oxr oÈ , o n* = p^''^ or^ ou* oè . (2.59) 

This gives: 

(é,)^,,^, = u*{É){u*{m')) = ^*{É{m')) = n*(4^o G ni''''\M) =^ r^((4)^.,^i) e ^ 
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where we noticed that Cg> ■C* = n*(,^ Ç,')- It follows that: 

The situation is summarized in the diagram below. 

idn]K(M) 



(2.60) 



n* 



È £; 
r(M,5'0 5') 



cyl 







n* 











n* 



cyl 




^K,cyl(^) 



cyl 
1 conc 



Notice that corresponding C^(M, K)-subalgebras of specialtwisted selfdual/anti- 

selfdual forms. As explained in the previous subsections, a computationally useful model for 



cyl 



cyl 



the later is provided by the C^(M, K)-algebras {Q^ ""'"'{M), which can therefore be 

used to implement the formahsm of [7] in a symbohc computation System. 

2.6 The connections on the pin bundle induced by the Levi-Civita connections 
of the cyUnder and cone 

The connection V'^''^^^ induced by V^^' on S coincides with the puUback through H of the 
connection V*^ induced by V on 5": 



while the connection V'^''^""^ induced by V^""^^ on 5" is given by: 



(2.61) 



Vj'^-^ = vJ'^^^+i7cyi(VÏ^,,AV^) = V j'^^V^7cone(^i_A^) , G T{M, T^M) , (2.62) 
where we used the relation 7cone = 7cyi ° t^^^- 
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Remark. The Clifïord connection property of V'^''^^': 

[vJ'^"\7cyiH]-,o = 7cyi(V^/M , Va;eQK(M) , yVer{M,T^M) 
foUows from the définition (2.42) of 7cyi upon using relation (2.39) as well as the identity: 

[^v'''\i*m-[(^%Mv)]-i*(^vv) , V77eQ^(M) , vyer(M,7kM) , 

which is a direct conséquence of the Chfford connection property of V'^: 

[v|,7(p)]-,o = 7(Vxp) , VpeOK(M) , yxer{M,T^M) . 

On the other hand, the Chfford connection property of V'^'^°'^^ foUows from that of V'^''^^' 
upon using équation (2.38). Indeed, for any u G fl^iM) and any V G r(M, Tk-^), we 
compute: 

[VJ'^°°^ 7cone(^)]-,o = [V'y^'\ 7cyi(r-^a;)]_,. + ^7cyi([^^,,, A V', r-^a;]_,,c.O , (2.63) 

where we used (2.62) and the fact that 7cyi is a morphism of algebras. The first term in (2.63) 
equals 7cyi(V^^^(r~^a;)) = 7cone((^^ ° V^^^ o r~^){uj)) by the Chfford connection property of 
y5,cyi Using the fact that is a morphism of algebras from (Qk(-/W"), ❖'^y^) to {Qk{M),o''°''^) 
and the relation 7cone = 7cyi ° the second term of (2.63) can be expressed as: 

2-7cone(['^#;^, A ï/j, a;]_,ocone) = 2;;7cone(['^#;„„, A e, a;]_,ocone) . 

Using thèse observations as well as identity (2.38), we see that the two terms in the right 
hand side of (2.63) combine to give: 

[Vj'^°",7cone(^)]-,o = 7cone(Vr'^) , Vc^ G Ok(M) , Wer{M,T^M) , 

which is the Chfford property of V'^''^""^. Hence the Chfford property of the canonical pin con- 
nection of the cone is a conséquence of the rather subtle expression (2.38) for the connection 
induced on differential forms by the Levi-Civita connection of the cone. 

Local expressions. Let (6^)^=1. ..d be an oriented local pseudo-orthonormal frame of 
{M, g). Then a convenient choice of oriented local pseudo-orthonormal frames and hence 
of their dual coframes for the cylinder and cone is given by: 

et^^'iem). , e^i =-a„=ra, ^ e^yi = n*(e-) , e^J^ = V' , (2.64) 
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where (e'") is the coframe on M dual to (cm) (thus e'"(e„) = 5™). We have: 

cone _ IpCyl a _ a Vrj — 1 /7 -I- 1 

— ^^o ^cone — ^^cyl > VO — 1, . . . , O -|- i . 

Notice that e^i,e^ng are the cylinder and cone lifts of the one-forms G Q^(M) (see 
équations (2.26) and (2.27)). Let us define: 

def. ^^^n.^ ^ p^^^^ End(S)) , 7^'^+^) =' 7(z/) G r(M, End(5)) . 
Since the local pseudo-orthonormal frame (e^) of (M, g) is oriented, we have: 

We also define: 

r 7cone(eeVe) = 7cyi(e?y,) G r(M, End(^)) , 
where we used relation (2.42) and the fact that r~^{e'^o,^^ — e"yj. For simphcity of notation, 
wc dénote n*(7"^) = 7*(e^') by 7^ and n*(7(<^+i)) = by 7^"^+^^ Identifies (2.46) and 

(2.45) give: 

^™ = n*(7-)=7r , 7'+' = e n*(7('^+i)) = e 7l"+') , 
where we used the fact that (^^^^(ej^j) = since -0 -L e^i- Relation (2.62) gives: 

^'^'^'^^ = ^'^'''' + \eTyi®lcyx{{eZ%^^^^^^ . (2.65) 

Combining with (2.61), we find: 

y5,cone _ ■^'S'.cyl _ rS y5,cone _ y5,cyl , \ fifi^ 

where >Cf is the Kosmann-Schwarzbach derivative with respect to on 5* and: 



def. n 



Direct computation shows that the connection one-forms Çlmn gi^m, Ve„) of V in the 
frame (e^) of M are related as foUows to the connection one-forms ÇTJ^ 5'cyi(e^^', V^^'e^^^) 
of V^y' and ^/cone(e^°''^ ^^""^e^""^) of V^"''^ in the frames (e^') and (e^""^^) of M, 

respectively: 

Using (2.67), it is easy to check that équations (2.66) agrée with the formula V = 

cyl 

d^+i^a^7"^ where d^ e^^^^Cf^, : r{M,S) nl{M,S) is the Kosmann-Schwarzbach 
differential of 5". 
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2.7 The lift of a gênerai pin connection. Cone and cylinder dequantizations of 
the lift 

Consider an arbitrary connection D = V'^ + A on S, whcrc A G Ql^{M, End(S')). We define 
the lift D D to be the connection on S obtained from D by pullback through H: 

D'^^ D* . (2.68) 

Then D can be expressed as: 
where: 

^cyi drf. j^*^^^ ^ 0^(M,End(^)) 

and we used the fact that (V*^)* = V^'"^^'. Relation (2.65) imphes that D can also be written 
in the form: 

^ ^ y5,cone ^ ^cone ^ (2.69) 

where: 

^cone «M. A^y^-le^ ®7cyi((e;„^%,,, AV') = A^^'-^e-,,®7cone((er')#_A^) e 0^(M,End(^)) 
The last relation amounts to: 
A--(T/) = A^^'(T^)-^7cyi((T^^)#.,,AV') = ^^^^(^)-^7cone((T^^)#e.„eA^) , W G r(M, TkM) . 



Let us define: 



(which are dérivations of the C°°(M, ]K)-module r(M, 5")) and: 

A^^M- A{em)er{M,End{S)) . 

Then: 

<i d d 

= J]e-®V^ , D = 5^e™®Z)^ , A = J]e-(g)A„ and = + A 

m=l m=l m=l 

Similarly, we define: 

n 4?f- n V75,cyl def. vrSjCyl v75,cone def. y-,5,cone 

-^a — -t^'ecyl , V„ — V eyl , V„ — V oyl , 
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(which are dérivations of the C°°(M, ]K)-module r(M , S)) and: 

^cyi def. ^cyi(gcyi) ^ P(^^ End(^)) , ^^"'^^(e^') G r(M, End(^)) . 

Then: 

d+l d+1 d+1 

^S,cyl^Y^^a^^^^S,cyl ^ y 5,cone ^ ^ ^a^^ ^ ^5,cone ^ î) = ^ ® î)„ 

a=l a=l a=l 

and: 



d+1 d+1 

icone 

m=l m=l 



where: 



and: 



^7i = , A^Z' = Ti*{Am) (2.70) 



Notice that: 



(2.71) 

Dt-^t'-^l > ^r = v|;^°"^ = 4 . (2.72) 



Cone and cylinder dequantizations of the lift of a gênerai pin connection. As 

before, consider the hft D — D* oi a gênerai hnear connection D — e'^ <^ Da on S. RecaU 
from [7] that the adjoint dequantization of D is given by: 



where: 

As in [7], we define the adjoint cylinder and cone dequantizations of the hft D D through: 

d+1 d+1 



(^ad)cyl def. ^ ^.^^ ^ ^^^d^cyl ^ (^ad)cone def. ^ ^.^^ ^ ^^a, 



ad ^ cone 



a=l a=l 

where: 

(2.73) 
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and: 

= 7-}(^f)e^^r'(M) , ir^ 7c-one(^ri e ^^r"^(M) . (2.74) 

Relations (2.47) and (2.70), (2.71) give: 

icyl _ pcyU A \ Xcone _ pcone [ Â _ }_(„rri \ A f)\ Â^^^ — /îcone _ q 

(2.75) 

where: 

are the cylinder and cone lifts of thc inhomogeneous differential forms (see équations 
(2.26) and (2.27)) and we used the identities 7-y} o ^^yi = P^y^ and 7-^,^ o 7eo„e = Pr''^. In 
particular, we hâve: 

AT" = r'{À^i') - IprnieZneh.... A 0] , (2.76) 

where we used relation (2.21). Equations (2.76), (2.73) and (2.38) imply that the two de- 
quantized connections on M are related through: 

^^ad^cone ^ ^£ Q ^^ad-)cyl Q ^-f _ ^2.77) 

The puUback of D^^ gives an operator {D'"^)* : 1^k''^^(M) ^ ^i{M) ®c-(m,k) 

which expands as {D^'^)* = e"/^ (g) {Da'^)*, where (-D^+i)* = while (D^)* are dérivations of 

the algebra (^^'''^^(M), o^^') which acts as: 

{Dfyuj = V'^sia;+[n*(A^),a;]_,,cy. = V^y^a;+[^„,eyi, ^]-,ocy. , Va; G O^'^^^(M) n*(OK(M)) 
and satisfy: 

{D^y oU* = U* o . (2.78) 
Since V^^' commutes with P^^, relations (2.75) imply: 

( Dfyy^ o P^y^ = P^y^ o ( Dfy , ( Z)^d^)Conc Q pcone q ^ pcone q ^£ q ^ ^ad^* _ ^2.79) 

Together with (2.78), this gives the relations: 

{Dfyy^oP^y^ou* = p^y^ou*oDf , (z)f )<=°'^<^oP^^°"^or^on* = p,'=°'''^or^on*oDf , (2.80) 

which will be used later on. 
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Remark. The Clifford connection properties of V'^''^^' and V'^'™'^'^: 

TcylOVf =(V^y')-l0 7,,i , Tcone O = (Vf O 7, 

imply: 

7cyi O {Dfr' = Df o 7,yi , 7,„,, o (Z)f )— = Df o 7,„,, 



1.6.: 



pcyl ^ (^ad^cyl ^ -1 „ ^ad ^ ^^^^ ^ pcone ^ (^ad^cone ^ ^-1^ ^ ^ad ^ 



2.8 Lifting algebraic constraints on pinors. Dequantizations of lifted algebraic 
constraints 

The lift of algebraic constraints. Given an endomorphism Q G r(M, End(S')), we define 
its lift Q to M to be the pullback of Q to a globally-defined endomorphism of the pin bundle 
S of M: 

Q =• n*(Q) e r(M, End(^)) . (2.81) 

Since Q o II* = H* o Q, the pullback map (2.57) induces an injective but non-surjective 
C°°(M,K)-linear map from the space 1C{Q) = G r{M,S)\Q^ = 0} to the space )C{Q) = 
{ieT{M,S)\Qi = 0}: 

/C(Q) "1^^^ /C(Q) , 

where, as usual, we identify C']^{M,K) fti C°°{M,K). The image of this map is the foUowing 
C^(M, K)-submodule of T{M, S): 

n*(/c(g)) = ic{Q) n r™*(M, s) =• /c™*(g) , 

which we shall call the C'^{M, M.)-module of vertical Q-constrained pinors on M. Identifying 
C^(M, K) ^ C°°(M, K), the appropriate restrictions of II* and j* give mutually- inverse 
isomorphisms of C°°(M, K.)-modules: 

T-r* |/C™''*(Q) 

l/C(Q) 

/c(g) ^ /c^^'^^(g) . (2-82) 

Hence a pinor Ç G r(M, 5) on M satisfies QÎ = C§^i = iff. it is the pullback i = U*{^) of 
a pinor ^ G r(M, 5) which satisfies — 0. This allows one to translate between algebraic 
constraints on pinors defined on M and on pinors defined on M. 
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Cone and cylinder dequantizations of the lift of an algebraic constraint. As in [7], 
consider the dequantization 

=■ 7~'(<5) e ^^k(m) 

of Q e End(S') as well as the cone and cylinder dequantizations of the lift Q of Q: 

^eone def. ^ ^^eone ^ ^£ ^ n*)(g) = Pr^Ocone) = (Q^') , (2.83) 

where we used relations (2.47) and where 

4yi=-n*(g) , 4one = r^(n*(g)) = r^(4yi) 

are the cylinder and cone lifts of the inhomogeneous form Q e fl^iM) (see relations (2.26) 
and (2.27)). 

Lifting the algebra of constrained difïerential forms. As in [7], consider the C°°{M, K)- 
algebra of constrained inhomogeneous forms on M: 

Kq t{Q) = È{1C{Q) ®c°°(M,K) /C(Q)) = /C(Lq) n lC{Rr^iQ)) 

as well as the C°°(M, K)-algebras of constrained inhomogeneous forms on the cylinder and 
cone: 

%cyi =-/c^^^(Q) = é'=^'(/C(Q) /C(Q)) =/C(Lg:|Jn/c(i?^^(^,,,pnQ^,,y,(M) 

We also define the C^(M, K)-algebras of spécial constrained inhomogeneous forms on the 
cylinder and cone through: 



^ê.cone n nr%M) = /C(L^rne) n /C(i?^-J^_)) n or°''(M) . (2.85) 

The relation (5'^°'^*^ = r^{Q^y^) and identities (2.14) imply: 

/C(L^r.)=r^(/C(L-!j) , /C(i?^-^_))=r^(/C(i?;^(^,,,p) . 

Together with r^(0^'^^(M)) = 0^™""(M), this gives: 
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Relations (2.56) imply: 



where we defined: 
Relation (2.54) implies: 

^vert ^ n*(/C(g)) , (2.86) 

which in turn gives: 

Hence the isomorphisms of Cf{M, K) Ri C°°{M, K)-algebras: 

P^^'oU* : (Ok(M),o) ^ {n'^'^\M),o'y') , Pr^or^oU* : {n^{M),o) ^ (fi™(M), 0^°°'') 

(2.87) 

restrict to isomorphism of C°°{M, K)-algebras from JCq to /C^^ and respectively, whose 

inverses are given by the appropriate restrictions of j* o P^. It foUows that the C^(M,K)- 
algebras {ff, o^^^) and (/C^°°^ 0^°"^) give models for the C°°(M, K)-algebra (/Cq, o), allowing 
to translate between constrained inhomogeneous differential forms defined on M and those 
defined on the cylinder and cone over M. 

(/Cq,o) fe-So^^'O (2-88) 



Q 

Pl. 



pcyl 



2.9 Lifting generalized Killing pinors and generalized Killing forms 

The lift of generalized Killing pinors. Relations (2.72) imply that the Killing pinor 
équations with respect to D for a pinor 1 G F (M, S") amount to the condition Cg^è, = <;=^ 
Cq^^ — (which says that ^ coïncides with the puUback = n*(^) of some pinor ^ G F (M, S) 
defined on M) together with the conditions (V^)*|+ (A^)4 = n*(D^O = (which 
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are équivalent with the generalized Killing pinor équations -DmC = on M). In particular, 
the space: 

jC{D)''^-ni±\)C{Da)^{ier{M,S)\D,^^o , Va = + 

is a subspace of r^^''*(M, S) which coincides witii tiie H-pullback of tiie space: 

JC{D)''^-ni^,)C{Dj^{^er{M,s)\DU^o , Vm = l,...,d} . 

The relation: 

}C{D) = n*(/c(D)) 

shows that H* induces a isomorphism of K-vector spaces between K,{D) and 1C{D), whose 
inverse is given by the appropriate restriction of j*: 

1C{D) ^ K{D) ■ (2-89) 

J*l/c(£)) 

This allows us to translate between generalized Killing pinor équations on M and M. 

Lifting the fiât Fierz K-algebra of generalized Kiiiing pinors. As in [7], consider 
the flat Fierz K-algebra of D on M: 

/C(D) =■ È{]C{D) ®c°°(M,K) K:{D)) c Ok(M) , 

which is a K-subalgebra of the Kàhler-Atiyah algebra {Q,-k.{M),o). Let us define: 

which is a K-subalgebra of the (M, K)- algebra {Q^'''^\M) , o^^^) . Relations (2.53) imply: 

/C(î)) =n*(/C(L')) , 

so the appropriate co-rcstriction of H* givcs a unital isomorphism of K-algebras from {}C{D),o) 
to (/C(£)), o^y'). As in [7], consider now the flat Fierz K-algebras determined on the cylinder 
and cone by the ^-flat subspace }C{D) C r(M, S): 
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Relations (2.56) imply: 

t''y\D) ^ Pf{t{b)) , /C^^'^^p) = (P,"°""or^)(/C(î))) =r^(/C"y^(L')) . (2.90) 

When combinée! with (2.9), the last équations show that the appropriate restrictions of the 
morphisms of algebras (2.87) give isomorphisms of algebras between IC{D) and }C^^^{D), 
respectively ]C'^°^'^ {D) , whose inverses are given by j* o and j* o o P^, respectively. 
The situation is summarized in the commutative diagram: 

iJCiD),o) , ^ (/C(D),o^yi) (2.91) 

j* 

p± 



pcyl 



The lift of generalized Killing forms. As in [7], consider the generahzed KiUing K- 
algebra determined hy D on M: 

to =• ICiD^") C Ok(M) 
as well as the generahzed KiUing K-algebras determined by D on the cyhnder and cone: 

tf /c((ô-^)^y>Q^,,y,(M) = /c((^^^)^y>nr^(M) , 

j^cone drf. ;c((£»ad)cone) ^ Q^_^^^^(M) ^ /C((I)-1)--) R ll^V^) , 

where we noticed that /C((Z)^'^ )'=>'') C ^^i\M) and /C((i)''<i)^°'^^) C fl^^^'^M). Also consider 
the foUowing subalgebra of {n^'^^\M),o''y^y. 

Relation (2.78) imphes: 

/C^ = n*(/Ci5) . (2.92) 

Relations (2.56) give: 

= Pf{t^) , = (P,"°"*^ o r^)(/C^) = r^{tf) . (2.93) 

Combining this with (2.92), we find that the morphisms of algebras (2.87) restrict to isomor- 
phisms of K-algebras between K,d and /C^\ respectively /C^"^. The situation is summarized 
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in thc commutativc diagram: 



(/Cz,,o) (/C^,O^^0 ■ (2.94) 



P± 

-e 



pcyl 



2.10 Relating CGK pinors and CGK forms on M and M 

Lifting the CGK pinor équations from M to M. Consider the CGK pinor équations 
defined on M by some connection D on S and by a single endomorphism Q G F (M, End (S*)) 
as well as the CGK pinor équations defined on M by the hfts D and Q, as before. Denoting 
the corresponding K-vector spaces of solutions by IC{D, Q) = 1C{D) H KL{Q) and /C(-D, Q) = 
IC{D) nlC{Q), the observations of the previous subsections imply that we have the inclusion: 

}C(D,Q) cr\(M,S) 

and that we have mutually-inverse isomorphisms of K-vector spaces: 

JCiD,Q) /C(L>,g) ■ (2-95) 

J*I/C(£),Q) 

This observation allows us to lift the CGK pinor équations from M to M. 

Lifting CGK forms to the cylinder and cone. When using the cylinder or cone metric 
on M, we can of course apply the formalism of [7] on M, thereby working with the dequantized 
connections (^D'^'^Yy^ and (/)ad^conc were discussed above. Combining the observations 

of the previous subsections shows that the K-algebras of CGK forms on the cylinder and 
cone are related to the K-algebra of CGK forms on (M, g) through: 



cyl 
D,C 



while the flat Fierz K-algebras determined on the cylinder and cone by the êë-fiaX subspace 
IC{D, Q) C r(M, S) are related to the flat Fierz K-algebra determined on M by the ^-flat 
subspace ]C{D,Q) C F (M, S) through: 

/C"y'(L>, Q) = {P^''^oU*){]C{D, Q)) , /C"°""(L>, Q) = (P,'^°°"or^on*)(/C(L>, Q)) = r^{}C'y\D, Q)) 
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Since P^^^ o H* and P^°^'^ o o H* are isomorphism of K-algebras, the relations above show 
that (/CX'A,o^yi), fe"F,o^°^^) and (/C=yi(Z), Q), o^y^), (/C'=°°^(î), g),o^°"^) provide isomorphic 

models of ICd and )C{D), respectively. The situation is summarized in the commutative 
diagrams: 



mD,Q),o) 



± {JC{D,Q),o^y') 



(2.96) 



2.11 Lifting truncated models 

Other isomorphic models — which are particularly convenient for computer computations 
— are obtained upon applying the isomorphisms of algebras given in Section 3 of [7]. To 
describe this, we define: 



as well as: 



def. 



^<,conc dcf. 2p^(iœnc) ^ 1]<'=°"^(M) , 
/'TSad\<,cone def. r-rcone i r/i<,cone 1 



j^<,cone def. „p /jù^-conex 

y^<,conep^ g) 2P<(/C^°""(D, Q)) . 



Using the results above, it is not hard to see that the isomorphisms of algebras (see diagrams 
(2.30) and (2.31)): 

Scyl def. 2^.. ^ ^ ^cyl ^ (f^^(M), o) ^ (1^<'^^'(M), ♦f ) , 



"Cone def. 



2j* o r-^ o o P-- : (f]K(M),o) ^ (0<''=y'(M), ♦ 



satisfy: 



T cyl T^cyl _ 77cyl r , 
gcone Q 'j^'cone ';^'Cone ^ g^°^' 



R 



,cyl 



pcone ';^'Cone ';^'Cone p 



40 



as well as: 



^£)ad'j<,cyl Q Q^'^yl — 5<^yl o (L)*^*^)^ ^^jad-j <,cone ^ ■^cone _ ■^cone ^ ^£)ad'j< 

Together with the discussion of the previous subsections, this implies: 

Therefore, (/C^''|', ♦f (^ô^ ' (/C<'^yi(Z), Q), ♦f (/C<'^°^^(Z), Q), ♦^°°^) provide 

isomorphic models for the K-algebras (/Cd^q, ♦) and {IC{D,Q),*), respectively. The collec- 
tion of isomorphic models of the latter K-algebras which were discussed in this Section is 
summarized in the two commutative diagrams: 



/jp<,cone coneN 



^'::>cone^- 




J ° r 



and: 




A ; 



(/C(AQ),o) 



2P< 




2P< 






: T-cyl 
: ■— 'e 




; Y 



■■■■'id 



r^o n* 



n* 



2P, 



2Pi 




(/C(AQ),o^^O 



(r^(/C(D,g)),o^°'^'') 
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3. Application to = 2 flux compactiflcations of M-theory on eight- 
manifolds 

In this Section, we apply our methods to the study of the most gênerai N — 2 warped 
compactification of eleven-dimensional supcrgravity on cight-manifolds down to an AdSa 
space. After some basic préparations in Subsection 3.1, Subsection 3.2 cxplains how the 
cone formalism of Section 2 can be applied to this example and gives a brief explanation 
of the reasons for relying on the cone construction. Subsection 3.3 gives our translation of 
the generalized Killing pinor équations into a System of algebraic and differential constraints 
on differential forms defined on the cone as well as a brief analysis of the structure of those 
équations. While thèse équations serve only an illustrative purpose in the présent paper, 
they will be analyzed in détail in upcoming work. 

3.1 Préparations 

As in [3,4,7], we start with eleven dimensional supcrgravity on an 11-manifold endowed 
with a spinnable Lorentzian metric of 'mostly plus' signature. As in loc. cit., we consider 
compactification down to an AdSs space of cosmological constant A = — where /t is 
a positive real parameter — this includes the Minkowski case as the limit k — )■ 0. Thus 
M — N X M, where N is an oriented 3-manifold diffeomorphic with and carrying the 
AdS3 metric while M is an oriented Riemannian eight-manifold whose metric we dénote by 
g. The metric on M is a warped product where the warp factor A is a smooth function 
defined on M. For the field strength G, we use the ansatz: 

G = e^^G with G' = vol3A/ + F , 

where / = /^e"* e ^^(M), F = ^F^np^e"^"^^ G Q,\M) and V0I3 is the volume form of N. 
Small Latin indices from the middle of the alphabet run from 1 to 8 and correspond to a 
choice of frame on M. For the eleven-dimensional supersymmetry generator 77, we use the 
ansatz: 

A 

f] — e^rj with r] — ®^ , 

where ^ is a real pinor of spin 1/2 on the internai space M and ïs a, real pinor on the 
AdSs space A^. Mathematically, ,^ is a section of the pinor bundle of M, which is a real 
vcctor bundle of rank 16 defined on M, carrying a fiberwisc représentation of the Clifford 
algcbra Cl(8,0). Since p — g =§ for p = 8 and g = 0, this corresponds to the simple 
normal case of [7]. In particular, the corresponding morphism 7 : (AT*M, o) — )■ (End(5'),o) 
of bundles of algebras is an isomorphism, i.e. it is bijective on the fibers. We set 7"' = 7 (e"') 
and 7^^^ := 7^ ... 7^ for some local orthonormal frame e"* of M. In dimension eight with 
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Euclidean signature, there exists an admissible [19,20] (and thus Spin(8)-invariant) bilinear 
pairing on the pin bundle S which is a scalar product. Assuming that is a Killing pinor 
on the AdSs space, the supersymmetry condition amounts to the foUowing generalized Killing 
spinor équations [7] for ^: 

Dmi^^ , QC^O , (3.1) 

where is a hnear connection on S and Q G r(M, End(5')) is a globally-defined endomor- 
phism of the vector bundle S. As in [3,4] (and in contradistinction with [15]) we do not 
require that ^ has definite chirality. As we shall see in a moment, this seemingly trivial gen- 
eralization has drastic conséquences, Icading to a problem which is technically much harder 
than that solved in the cclcbratcd work of [15]. The space of solutions of (3.1) is a finite- 
dimensional M-lincar subspace IC{D,Q) of the space F (M, S*) of smooth sections of S. The 
problem of interest is to find those metrics and fiuxes on M for which some fixcd amount of 
supersymmetry is preserved in three dimensions, i.e. for which the space IC{D, Q) has some 
given non-vanishing dimension, which we dénote by s. The case s = 1 (which corresponds to 
N — 1 supersymmetry in three dimensions) was studied in [3, 4] and reconsidered in [7] by 
using géométrie algebra techniques. The case s — 2 (which leads to N — 2 supersymmetry 
in three dimensions) was studied in [15], but considering only Majorana- VKey/ solutions ^ of 
(3.1), i.e. only the case when /Cd,q is a subspace of the kernel )C{ids — 7(9)) or of the kernel 
/C(id5 + 7(9)). Here, we consider the case when no extraneous chirality constraint is imposed 
on the solutions of (3.1). 

Direct computation gives the foUowing expressions for D and Q (see [3,7]): 

D^ = Wi + A^ , = i/p7^î'7(9) + -Lf^^^,7î"?'- + K7™7^'^ (3.2) 

and 

Q = l^dmA - ^F^,,,7™^^'- - ^/,7^7(^) - Kj('^ . (3.3) 

In the présent paper, we are interested in the case s — 2 {N — 2 supersymmetry in three 
dimensions), so we require that (3.1) admits two linearly independent solutions ^1 and ^2- The 
pinor bilinears É^^]^. = ^É''^] ^^{^i,^j)e'^^-""' e Q'=(M) with i,j = 1,2 are constrained by 
Fierz identifies which play a crucial rôle below. As we shall see in a moment, thèse identifies 
are much more involved in our case (even after reformulating thcm on the cone) than the 
identifies which were encountered in [3] and [4]. The translation of (3.1) into équations on the 
differential forms E^, ^ could be achieved starting from the foUowing équivalent reformulation 
of the algebraic constraints QCi = = 0: 
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and treating the differential constraints -DmCi = -DmC2 = through the method outlined 
in [3]. This direct approach due to [3] is discussed in some détails in the Appendices of [7], 
where it was also shown how that method is équivalent with the formalism developed in loc. 
cit. As it turns out, the direct approach is computationally quite impractical in our case and 
we have to rely on the methods and techniques of [7]. 

3.2 The cone construction 

Before attempting to solve (3.1), one can ask whether the mere assumption of existence 
of two independent solutions ^1,^2 provides some useful constraints on the geometry. The 
D-flatness conditions -DmCi — Dm^2 — imply that the values of the sections ^1,^2 at two 
différent points x,y on the internai manifold are related through the parallel transport of the 
connection A^, which is an invertible linear operator between the fibers oi S at x and y. In 
turn, this shows that two solutions which are linearly independent over M as sections of ^S" 
must be linearly independent everywhere, i.e. the vectors ^i{x),^2{x) G must — for any 
point a; of M — bc linearly independent in the fibcr ~ IR^^ (and hcncc détermine a point 
{^i{x) , Ç,2{x)) in the second Stiefel manifold V2{Sx) of Sx)- Using this observation, one finds 
that solutions of (3.1) can be classified according to the orbit passing through (^i(a;), ^2(2:)) of 
the action (induced by restricting 73.) of the group Spin(8) C Cl(8, 0) {AT* M, o^) on V2{Sx) 
— an orbit which is independent of x up to the action induced by the parallel transport of 
D. However, it turns out that the action of Spin(8) on the second Stiefel manifold of B}^ fails 
to be transitive, which Icads to complications when attempting to classify solutions in this 
manner. In particular (and unlike what happens in many other cases), two generic solutions 
of (3.1) fail to détermine a global réduction of the structure group S0(8,]R) of {M, g) — a 
phenomenon which (as discussed in [4]) also occurs for the case s = 1 (the case of = 1 
supcrsymmetry in three dimensions). Due to this fact, it is convcnient instead to consider 
and .^2 up to an action (induced by restricting 7^,) of the group Spin(9) — which can be 
viewed in a natural manner as a subgroup of Cl(8,0). As pointed out in [4], this Spin(9) 
action can be geometrized by introducing an extra dimension — for example, by passing 
to the metric cyhnder (as in [4]) or to the metric cone (as we shall do below) over M. 
The fact that certain aspects of the simplcst flux compactifications (such as Freund-Rubin 
compactifications on squashed sphères) can bc bcttcr understood by passage to the metric 
cone is of course well-known — as is the fact that the (ordinary) Killing pinor équations of 
a Ricmannian manifold can be reformulated as parallel pinor équations by passage to the 
metric cone (see [14]). In generalûux compactifications, the simplification which one obtains 
through this construction is less drastic, though still quite useful both from a computational 
and conceptual standpoint. 
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Let us therefore consider the metric cone (M, gcone) (cf- Section 2) and the lift of D to 
the connections D on the pin bundle S oî M (see Subsection 2.7). Since the metric cone over 
{M, g) has signature (9,0) and since 9 — =8 1, the Chfford algebra Cl(9, 0) corresponds 
to the normal non-simple case discussed in [7]. We have two inequivalent^ choices for the 
fiberwise pin représentation of the Kâhler-Atiyah bundle of M, which are distinguishcd by 
the signature e G {—1, !}• Both choices correspond to représentations which are surjective 
but non-injective on each of the fibers {AT*M,Ox) ^ Cl(9,0). As in Section 2, the pin 
bundle S* of M can be constructed as the pullback of S through the natural projection of 
M to M, while the morphism 7cone '■ {AT* M , o^""^*^) (End(5'), o) is completely determined 
by the morphism 7 : (AT*M, o) (End(5'), o) once the signature e has been chosen. In the 
foUowing, we shall work with the choice e — +1. Setting d — S, e — +1 and p — 2k, in the 
équations of Subsection 2.3 and rescaling the metric on M as g ^ {"^i^Yg {without changing 
the local orthonormal frame e^°^^ of the cone or the local orthonormal frame of {M, g)) 
gives Da = Vf'^°"^ + where: 

1 1 

whcrc in the right hand sidc dénotes the Kosmann-Schwarzbach derivative [21] on sections 
of S, taken with respect to the vector field dr- Here and below, indices from the middle of 
the Latin alphabet run from 1 to 8 and those from the beginning of the Latin alphabet run 
from 1 to 9. The latter correspond to frames e^^' and e^°°^ chosen as in (2.64). 

Notational convention. We do not indicate some pullbacks explicitly - in particular, we 
use the same notation for 7™ and for their pullbacks 7™ = 7^ from S to S, with a 
similar convention for differential forms. 

As in Subsection 2.3, the generalized Killing pinor équations D^C = (m = 1 ... 8) for 
pinors ^ defined on M amount to the fiatness conditions = (a = 1 ... 9) for pinors 
^ defined on M. Indeed, the last of the fiatness équations Dg^ = is équivalent with the 
requirement that the section ^ of S* is the pullback of some section ^ of S* through the natural 
projection map from M to M, while the remaining équations amount to the generalized 
Killing conditions = for the pinor ^ defined on the manifold M. Also rccall from 

Section 2 that the algebraic constraints arc équivalent with the foUowing équations for ^: 

^Inequivalent in the sensé of the représentation theory of Chfford algebras. 
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where Q G r(M,End(^)) is the puUback of Q G r(M,End(5)) to M. With our notational 
conventions (in which we won't explicitly indicate the puUback), Q has the same form (3.3) 
as Q in the appropriate local frame on the cone. 

3.3 The K-algebra of constrained generalized Killing forms 

For the reasons outlined above, we consider the CGK pinor équations formulated on the 
metric cone over M. As explained in [7] (see also Subsection 2.11), we realize the algebra 
(■Q+,cone(^^)^^cone) (the effective domain of définition of 7cone) as the algebra {^<{M), ♦^°''^). 

We have Q<(M) = ®fc=o^*^(-^)) so we are interested in pinor bilinears with A; = ... 4 

for two independent solutions ^i, ^2 of the CGK pinor équations lifted to the cone: 

^r"é = Qé = o , (3.5) 

which are équivalent with the original CGK pinor équations on M. 

To extract the translation of thèse équations into constraints on differential forms, we 
implemented certain procédures within the package Ricci [16] for tensor computations in 
Mathematica®. We also implemented similar procédures in Cadabra [17]. The dequantiza- 
tions: 

of A'^""^ and Q are given by = and (recall that dr = e^^^J: 

1 1 

^m"'' — ^''e^ne-Fcone + ^ (e^'''')#,cone A /cone A ^ G O (M) , 
Q^°"^ = ^rdA-^/co,eA^-^Fcone-«^ GQ<(M) , 

while the ,^-transpose of Q dequantizes to the reversion of Q"^^^: 

Here, r is the main anti-automorphism [7] of (f2(M), 0'^°"*') (which coïncides with the main 
anti-automorphism of {Q{M) , o^^^)) . The forms /conc and -Fconc above are the cone lifts (see 
définition (2.27)) of / and F respectively, while (in accordance with our notational conven- 
tions) A stands for the puUback H* (A) = A o II, even though the notation does not show 
this explicitly. 

A basis for the space spanned by the forms Èf^£°''^ ^^{ii,%,...aki2)eZne^- ■ -Ae^^^e ^ 
Çî^{M) (of rank at most 4) which can be constructed on the cone from ^1 and ^2 is given by 
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(where we have raised ail indices using the cone metric in order to avoid notational clutter) : 

= ^(li , r'i2) , ^""^ = mil , r%) , 

Here and below, we have taken and ^2 to form an orthonormal basis of the M-vector space 
IC{D,Q) on the cone: 

mii,ij) = àij , Vz,j = l,2 . 

To arrive at (3.6), we used the identity 7"i -"'=â) = 7''' -"'=|i), which 

foUows from (7a)* = 7^ and implies that certain of the forms Èf''^'^°^^ vanish identically. 



Notational convention. From now on — in ordcr to avoid notational clutter — we shall 
suppress the superscripts and subscripts "cone" . In particular, we shall dénote the cone lifts 
Feone = r^^U^F) and Une = rU* (f) simply by F, / etc. 

With the notations and conventions above, the truncated model of the flat Fierz K- 
algebra (/C<'^°''^(î), Q), ♦^°°^) admits the basis: 

Fll = ^(l + li + $l) , F22 = ^(l + l^2 + *2) (3.7) 

and can be generated by two éléments (see Subsection 5.10 of [7]), which we choose to be: 

É12 = ^(V^ + K + ^ + ^s) 

and: 

É21 = t{Éi2) = ^{Vs - X - * + $3) ■ 

The overall coefficient ^ comes from the prefactor in d dimensions (with = 9 in our 

case). As explained in Subsection 5.10 of [7], the Fierz relations for Eij take the form (where, 
in order to avoid notational clutter, we used the notation ♦ instead of ): 

Éij'^Éki ^ ôjkÉii , yi,j,k,l^ 1,2 , (3.8) 
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while the idéal of relations corresponding to È12 and £'21 is generatcd by: 



Êi2»f(Êi2)»-Éi2 = É12 I <S=^ f(Êi2)4-Éi2*f(Êi2) = f{Èi2] 



On the other hand, the algebraic constraints in (3.5) imply a System of équations for Éij 
which has a very simple form when written in terms of the géométrie product: 

0*éi2T^i2*f(g) = , (3.9) 

while the differential constraints of (3.5) give the équations D^Ei2 = -v^» D''^E2i = 0, 
which in turn imply: 

d£^i2 = e'' A VaÈu = -e" A È,2]-,^ . (3.10) 

As explained in Subsection 5.10 of [7], it is enough to consider the constraints (3.9) and 
(3.10) for the generators £"12 and E21 = f{Ei2), since the corresponding constraints for 
£"11 = £12 ♦£21 and £22 = £21 ♦£12 foUow from those. 



Algebraic constraints. Using the procédures which we have implemented and the package 
Ricci for tcnsor computations in Mathematica® (see [16]), we find that the first équation 
(with the minus sign) in (3.9) amounts to the foUowing System when separated on ranks: 



i^fAdK = , 

tl^aK + -t/Aô* - gt*-^ - 2k LeK = , 

^i/A0$3 - A3 $3 + r(dA) A T/3 + 2k 14 A ^ = , 

rtdA$3 - ^V^3 A / A ^ + hv,F - h{F Ai $3) + ^*{f A ^ A $3) - 2fi; ^^$3 = , 

r(dA) --f A0 AK -^K AiF - -*(/ A ^ A *) + ^*(* Ai F) + 2k * A ^ = , 
3 6 3 o 
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while the second équation (with the plus sign) in (3.9) amounts to: 

~lf^3 + ridAVs - 2k L0V3 = , 
6 

liVs{f/\0)-h{FA^,)=0 , 

rtdA* + ^(/ Ae)AiK+ ^kF + h{F A^)-2k Le^ ^0 , 

hf A ^) Al ^ + A2 F + ^*{K AF) + r(dA) AK -2k K A9 = , 

lif A e) Al $3 + If A2 $3 - l*iF A V3) + *(r(dA) A $3) - 2« * ($3 A ^) = . 

à 

DiflFerential constraints. Using the samc Mathematica® package, we can extract the 
differential constraints given by (3.10), which — when separated on ranks — amount to: 

dVs = As F + Lf^e^s , 
dX = (/ A ^) Al * + * A2 F , 

d* = |f Al - ^F A3 *^ + 2*{f AO A^>)- f AO AK , 

Zi Zi 

d$3 = -2F A 1/3 + A *((te-F) Ai $3) - A *(((e J# A / A ^) Ai $3) ■ 

According to our notational conventions, e"* in the équations above stands for e™^^, while 
ejn stands for e^"^^. Purthermore, * *cone is the (ordinary^) Hodge operator of (M, ^fcone) 
and i stands for t'^""^. The generahzed products Ap A^""^ are constructed with the cone 
metric. 

Fierz relations. Let us consider the Fierz identities (3.8) for the basis éléments Fjj (i, j = 
1, 2) of the truncated model of the fiât Fierz algebra ^<''=°'^^(Z), Q): 



(Fl): 




= 0, 


(F2): 


Fi2*F2l 


= È 


(F3): 


Fi2*F22 


= F12, 


(F4): 


Fi2*Fii 


= 0, 


(F5): 


Eu* Eli 


= Eu, 


(F6): 


Eii*Ei2 


= È 


(F7): 


Fii*F2i 


= 0, 


(F8): 


Eii*E22 


= 0, 


(F9): 


E2i*Ei2 


= F22, 


(FIO) 


: F2i*Fii 


= F; 


(Fil) : 


F2l*F21 


= 0, 


(F12) : 


F2l*F22 


= 0, 


(F13) : 


Fi2*Fii 


= 0, 


(F14) : 


E22^Ei2 


= 0, 


(FIS) : 


E22*E2l 


= F21, 


(F16) 


■ E22*E22 


= F; 



^ As opposed to the twisted Hodge operator of [7] . 



49 



Wc note that some of thèse conditions are équivalent through reversion (namely (F1)-<=^(F11), 
(F3)^(F15), (F4)^(F7), (F6)^(F10), (F8)^(F13) and (F12)^(F14), while relations (F2), 
(F5), (F9), (F16) are selfdual under reversion). After expanding the géométrie product and 
separating ranks, we find independent relations only from certain rank components of (Fl) - 
(F6), (F8), (F9), (F12) and (F16). Namely, équation (Fl) (which coincides with (3.9)) takes 
the form: 

+ ^'♦Vs + ^'♦^ + ^♦/T + ^'♦$3 
+ K^Vs + K*^ + K^K + ir*$3 

+ $3*V3 + $3** + $34X + $34$3 = 

and gives the foUowing relations when separated into rank components: 

-\\K\\^ + ll^slp- ||^ir + llV'slP = , 
-2iK'^ + *(<î)3 A $3) = , 

iVo,^ - *(<î'3 A ^') - ti^$3 = , 

K ^V3- *{K A $3) - ^ A2 $3 = , 
* Al * - $3 A2 $3 + 2*{K A ^) + 2*{V3 A^3) + K AK = . 

Separating (F2) into rank components gives the foUowing nontrivial relations: 

iiKip+ii$3ir+ii*ip+ii^3ip 

2tif* - 2iVsK - 2tvi>$3 + *(^3 A $3) - 
Al * - $3 A2 $3 - 2*{K A ^) + 2*{V3 A $3) - X A X - 16$i 

-2K Al $3 - 2V3 A ^ + 2*(^ Al $3) 

and similarly for (F3): 

-iV2K - t^$2 + *(^2 A ^3) - 151^3 = 
-15K - ^2 A 1^3 - $2 A3 $3 - lk^2 + ty2* - *(^2 A *) = 

K AV2 + tV3$2 - l^V2^3 - *{K A $2) - 15* - *($2 Al $3) - * A2 $2 = 

-K Al $2 - ^2 A2 $3 + Al $2) + *{V2 A $3) + *{V3 A $2) - 15$3 - 1^2 A = 



= 16 , 
= , 

= 
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for (F4): 



-iv^K - + *($i A $3) + V^a = 
X - Vi A V^j - $1 A3 $3 - lk^i + tyj* - *($i A = 
A Fi + Lv,^^i - tyi$3 - A $1) + - *($i Al $3) - ^ A2 $1 = 
-K Al $1 - $1 A2 $3 + Al $1) + *(Vi A $3) + *(V3 A $1) + $3 - Vi A = 



(F6) (not writing the rank component, which coincides with the rank component of (F4)): 



Ly^K + Lq^^i + A $3) - 15^3 = , 

-IhK + A 1(3 + $1 A3 $3 - lk^i + Lv^^i - *(<î>i A = , 

K ^Vl- Lv,,^i + ivi^ci - *{K A $1) - 15^ + *($i Al $3) - ^ A2 $1 = , 

X Al $1 - $1 A2 $3 - Al $1) + *{Vi A $3) + *(V3 A $1) - 15$3 + 1/1 A * , 



l+($l,$2) + (yi,y2) = 

*($i A $2) + V'i + 14 = 

Vi A 1^2 + $1 A3 $2 = 

LVi^2 - LVi^l + Al $2) = 

-$1 A2 $2 + *iVi A $2) + *(V2 A $1) + $1 + $2 = 



(F9) (not writing the rank component, which coincides with the rank component of (F2)): 



2i/f * + 2lvsK + 2t*$3 + *($3 A $3) - 16^2 = , 
Al * - $3 A2 $3 - 2*{K A - X A X - 16$2 + 2*(y3 A $3) + 

+2K Al $3 + 2^3 A - 2*(* Al $3) = , 



(F5): 




(F8): 
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(F12): 

($2,$3) + (V^2,V^3) = , 

Lv.,K + ^^$2 + *($2 A $3) + ^3 = , 

-$2 A3 $3 - Ly,^^! + *($2 A ^) + Lk^2 - A' - ^ A ^3 = , 

-K A 1^2 + l^V:,^2 - t^V2^3 + *{K A $2) - * - *(*2 Al $3) + \1/ A2 $2 = , 

X Al $2 - •ï*2 A2 $3 - Al $2) + *{V2 A $3) + *(V^3 A $2) + *3 + V^2 A * = , 

and finally for (F16): 

p2ir+ iiT^2ir = 15 , 

*($2 A $2) - 14T^2 = , 

-$2 A2 $2 + 2*(y2 A $2) - 14^2 = . 

The System of équations given above can be studied by élimination. Its detailed analysis and 
implications are taken up in a forthcoming publication. 

4. Conclusions and further directions 

We studied thc Kâhler-Atiyah algebra of metric cônes and cylinders and certain subalge- 
bras thereof, constructing a number of isomorphic models which can be used to study the 
Kâhler-Atiyah algebra of their unit sections and to lift generalized Killing équations, Fierz 
isomorphisms etc. from a (pseudo-)Riemannian manifold to its metric cylinder or cone. 
Thèse results provide a toolkit for the study of generahzed KiUing spinor équations on 
(pseudo-)Riemannian manifolds, being especially relevant to problems which arise in flux 
compactifications. Our formulation is highly amenable to implementation in varions sym- 
bolic computation Systems specialized in tensor algebra, and we touched on two particular 
implementations which we have carried out using Ricci [16] and Mathematica® as well 
as Cadabra [17]. We illustrated our techniques for the case of the most gênerai flux com- 
pactifications of M-theory which préserve N=2 supersymmetry in three dimensions, a class 
of compactifications whose most gênerai members were not studied before — obtaining a 
complète description of the differential and algebraic constraints on pinor bilinears and un- 
covering the underlying algebraic structure. A detailed analysis of the resulting équations, 
geometry and physics is the subject of ongoing work. 
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